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ABSTRACT
In this paper, left-invariant almost contact metric structures on three-dimensional non-unimodular
Lie groups are investigated. It is proved that for every Riemannian Lie group, there is one of these
structures. In addition, left-invariant normal almost contact metric structures on three dimensional
non-unimodular Lie groups are classified.
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1 Introduction
A manifoldM2n+1 has an almost contact structure (ϕ, ξ, η) if a (1, 1)-type tensor like ϕ and a nowhere zero universal
vector field ξ and a form η are provided onM such that following conditions are satisfied:
ϕ(ξ) = 1, η ◦ ϕ = 0, η(ξ) = 1,
ϕ2 = −Id+ η ⊗ ξ.
(1.1)
Now, if the manifoldM2n+1 with the almost contact structure (ϕ, ξ, η) takes a Riemannian metric g, and the conditions
∀X,Y ∈ χ(M), g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ), (1.2)
are hold, then it can be said thatM2n+1 has an almost contact metric structure and g is called a compatible metric or
an almost contact metric.
Every almost contact structure takes a compatible metric. According to (1.1) and (1.2), for every compatible metric,
η(X) = g(ξ,X) and also ker η = ξ⊥, then g(ϕX, Y ) = g(X,ϕY ), therefore J = ϕ|ker η is an compatible almost
complex structure with restriction g to ker η.
If g is a compatible Riemannian metric with the almost contact structure (ϕ, ξ, η) on the manifoldM , 2-form ϕ that
is defined as
φ(X,Y ) = g(X,ϕY ), (1.3)
is called fundamental 2-form.
If for the almost contact structure (ϕ, ξ, η) over the manifoldM , there is a compatible Riemannian metric g such that
for everyX,Y ∈ χ(M), we have
dη(X,Y ) = φ(X,Y ), (1.4)
then, M is called contact Riemannian manifold and is represented with (M,ϕ, ξ, η). The almost contact metric
manifold (M,ϕ, ξ, η, g) is said to be homogeneous if a connected Lie subgroup G from the groupM has a transitive
relation withM and 1-form η is invariant to G.
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As stated in [1], to classify almost contact homogeneous 3D metric manifolds, it is sufficient to examine the left-
invariant almost contact metric structures on 3D groups.
Suppose g is the next arbitrary (2n+1) Lie algebra. An almost contact metric structure on g is a quaternion (ϕ, ξ, η, g)
in which η is a 1-form, ϕ ∈ End(g), and g is a finite positive interior on g such that
η(ξ) = 1, ϕ2 = −Id+ η ⊗ ξ,
∀X,Y ∈ g, g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ).
(1.5)
The two almost contact Lie algebras (g1, ϕ1, ξ1, η1, g1) and (g2, ϕ2, ξ2, η2, g2) are isomorph if there is a linear mapping
f : g1 → g2 called (contact) isomorphism, such that
f : (g1, g1)→ (g2, g2),
f(ξ1) = ξ2,
f ◦ ϕ1 = ϕ2 ◦ f,
η1 = η2 ◦ f,
Reference [2] is suitable for the study of contact metric geometry. The contact geometry has been studied by many
people. The references [3, 4, 5, 6, 7, 8] contain many examples of important results about contact geometry. In
reference [9], Riemannian geometries on Lie groups equipped with left-invariant metrics are investigated.
In this paper, we will investigate the almost contact metric structures (ϕ, ξ, η) over non-unimodular Lie groups that
satisfy the condition ξ ∈ ker dη.
2 Almost contact metric structures on three dimensional non-unimodular Lie groups
Lemma 2.1. For every almost contact structure (ϕ, ξ, η), we have
ξ ∈ kerdη ⇔ Lξη = 0,
where L is a Lie derivative.
Proof. According to (1.1) we have
η(ξ) = 1.
Also for every vector field
dη(ξ,X) = ξ(η(X))− η([ξ,X ]) = (Lξη)(X).
Proposition 2.2. Geodesic Γ(t) of the manifoldM = K/H with the condition Γ(0) = 0 and
Γ′(0) = Xm ∈ m, (m = T0
(
K
H
)
),
is homogeneous if and only if an Xη ∈ η exists so that X = Xm + Xη ∈ l in g([X,Y ]m, Xm) = 0 is hold for all
Y ∈ m.
The vectorX ∈ l that is satisfied above condition is called geodesic vector.
Proposition 2.3. Suppose (M = K/H,ϕ, ξ, η, g) is a homogeneous almost contact metric manifold, then ξ ∈ ker dη
if and only if ξ is a geodesic vector.
Lemma 2.4. Suppose (ϕ, ξ, η, g) is an almost contact metric structure with condition of ξ ∈ kerdη, then for every
X ∈ ker η we have
[ξ,X ] ∈ ker η.
Proof. It is obvious.
The three-dimensional Riemannian Lie groups are classified in [9]. Suppose G is a Lie group equipped with a left-
invariant Riemannian metric g, as stated in [9], G is unimodular if and only if the linear mapping
L(x× y) = [x, y], x, y ∈ g,
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is self-adjoint. So if (G, g) is a three-dimensional unimodular Riemannian Lie group, then its Lie algebra g takes a
basis {e1, e2, e3} such that
[e1, e2] = λ3e3,
[e2, e3] = λ1e1,
[e3, e1] = λ2e2.
Suppose G is a non-unimodular three-dimensional connected Lie group. Then its Lie algebra has a basis {e1, e2, e3}
such that
[e1, e2] = αe2 + βe3, [e1, e3] = γe2 + δe3, [e2, e3] = 0. (2.1)
Also matrix
A =
(
α β
γ δ
)
,
satisfies conditions αγ + βδ = 0 and α+ δ = 0.
If g is a non-unimodular three-dimensional Lie algebra, its unimodular kernel i.e.,
u = {x ∈ g| trace ad(x) = 0},
is 2-dimensional and unimodular and commutative. Consider
e1 ∈ g, trace ad(e1) = 2,
since u is commutative, a linear transformation
L(u) = [e1, u],
from u to itself with trace = 2 is independent of e1 choice. Determinant D =
4(αδ − βγ)
(α+ δ)2
of L is a complete
invariant isomorphism for this Lie algebra. By choosing e2, the vectors of L(e2) = e3, e2 are linearly independent
and the conditions of trace(L) = 2 and del(L) = D are satisfied by
L(e2) = e3, L(e3) = −De2 + 2e3.
Therefore, the bracket product operator is uniquely defined.
Proposition 2.5 (Special case). Suppose g is a Lie algebra with the property that the bracket product [x, y] for every
[x, y] ∈ g is always equal to the linear combination of x and y. Suppose dim g ≥ 2, then
[x, y] = l(x)y − l(y)x, (2.2)
where l is a well-defined linear mapping from g to R.
By choosing a definite positive metric, the shear curvatures are constant.
K = −‖L‖2 < 0.
If (ϕ, ξ, η) is a left-invariant almost contact metric structure shadow on the non-unimodular Riemannian Lie group
(G, g), according to Proposition 2.3, the vector field ξ ∈ g is a unit geodesic vector.
Now given the assumption of r 6= 0 constants, there are p and q such that
α = r + p, δ = r − p, β = (r + p)q, γ = −(r − p)q.
Therefore, we will have the following possible modes:
(A) If p 6= {0, r,−r}, then the unit geodesic vector fields have only one of the following two states:
A. 1) ±e1 if ∆ := (β + γ)
2 − 4αδ < 0;
A. 2) ±e1 and cos θe1 + sin θe3 if ∆ ≥ 0 where
α cos2 θ + (β + γ) cos θ sin θ + δ sin2 θ = 0.
(B) If p = r, then the unit geodesic vector fields have only one of the following two states:
B.1) ±e1 and ±e2 and ±
1√
1 + q2
(qe2 − e3) if q 6= 0;
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B.2) cos θe1 + sin θe3 if q = 0.
(C) If p = −r, then the unit geodesic vector fields have only one of the following two states:
C.1) ±e1 and ±e2 and ±
1√
1 + q2
(e2 − qe3) if q 6= 0;
C.2) cos θe1 + sin θe2 if q = 0.
(D) If p = 0, then all unit vector fields in g are geodesic. (In fact (G, g) have constant shear curvature).
(E) If condition (2.2) is true, then all unit vector fields in g are geodesic.
Note that states (B) and (C) are isomorph. Simply replace e2 with e2 and (α, β) with (λ, δ).
Considering the above considerations, we classify states (A) to (E) at the isomorphism class as follows:
(1) Suppose ξ = ±e1.
Therefore, ker η = ξ⊥ = span{e1, e2} and since {e1, e2} is orthonormal, so it is an ϕ-basis, too. At the isomorphism
class, we can assume ξ = e1 and ϕe2 = e3. Hence, (ϕ, ξ, η) at the isomorphism class is described as follows:
[ξ, e] = αe + ϕe [ξ, ϕe] = γe+ δϕe [e, ϕe] = 0, (2.3)
provided that α+ δ 6= 0 and αγ + βδ = 0.
(2) Suppose ξ = cos θe2 + sin θe3.
In this case, ker η = ξ⊥ = {E1 := e1, E2 := − sin θe2 + cos θe3} is an orthonormal basis and also an ϕ-basis.
According to (2.1), we will have the following
[ξ, E1] = (β cos
2 θ + (δ − α) sin θ cos θ − γ sin2 θ)E2 − (α cos
2 θ + (β + γ) sin θ cos θ + δ sin2 θ)ξ,
[ξ, E2] = 0,
[E1, E2] = (δ cos
2 θ + (β − γ) sin θ cos θ + α sin2 θ)E2 − (γ cos
2 θ + (δ − α) sin θ cos θ − β sin2 θ)ξ.
According to Lemma 2.4, since E1 = ker η, then [ξ, E1] ∈ ker η, that is
α cos2 θ + (β + γ) sin θ cos θ + δ sin2 θ = 0. (2.4)
This is precisely the condition of case (A 2).
We assume
A := δ cos2 θ − (β + γ) sin θ cos θ + α sin2 θ,
B := −(γ cos2 θ + (δ − α) sin θ cos θ − β sin2 θ),
C := β cos2 θ + (δ − α) sin θ cos θ − γ sin2 θ.
Given (2.1) and (2.4) we have
A = A+ 0 = α+ δ 6= 0.
As usual, at the isomorphism class, we assume e = E1 and ϕe = E2. So (ϕ, ξ, η) is completely defined as follows:
[ξ, e] = Cϕe [ξ, ϕe] = 0, [e, ϕe] = Aϕe +Bξ, (2.5)
provided that A 6= 0. In this case, η is contact form if and only if B 6= 0.
(3) Suppose ξ = ±
1√
1 + q2
(qe2 − e3).
This happens when p = r and q 6= 0, that is, α = 2r 6= 0, β = 2rq 6= 0, γ = δ = 0.
An orthonormal basis for ker η is as {e1,
1√
1 + q2
(e2 + qe3)}. So at the isomorphism class, we can assume
ξ =
1√
1 + q2
(e2 − qe3), e = e1, ϕe =
1√
1 + q2
(e2 + qe3).
Hence according to (2.1) we have
[ξ, e] = −βϕe, [ξ, ϕe] = 0, [e, ϕe] = αϕe, (2.6)
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if we put A := α, B := 0, C := −β, it becomes a special case of (2.5).
(4) Suppose ξ = cos θe1 + sin θe3.
This occurs when p = r and q = 0, that is, α = 2r 6= 0 = β = γ = δ. An orthonormal basis and also a ϕ-basis for
kerη is as {e2,− sin θe1 +cos θe3}. At the isomorphism class, we can assume that e = e2, ϕe = − sin θe1 +cos θe3.
Given (2.1), we have
[ξ, e] = α cos θe, [ξ, ϕe] = 0, [e, ϕe] = α sin θe.
By taking
A¯ := α cos θ,
B¯ := α sin θ,
the almost contact metric structure is completely defined as follows
[ξ, e] = A¯, [ξ, ϕe] = 0, [e, ϕe] = B¯e,
provided that A¯2 + B¯2 6= 0. In this case, η is never a contact form.
(5) Suppose ξ is an arbitrary vector field and p = 0.
So we have α = δ = r 6= 0 and β = −γ = rq. There are real constants of θ and ω such that
ξ = cos θe1 + sin θ cosωe2 + sin θ sinωe3.
In addition, ker η = {E1, E2} that
E1 = − sin θe1 + cos θ cosωe2 + cos θ sinωe3,
E2 = − sinω + cosωe3.
So at the isomorphism class, we can assume that e = E1 and ϕe = E1. Given (2.1), we have
[ξ, e] = α sin θξ + α cos θe+ αqϕe.
According to Lemma 2.4, because e ∈ ker η then [ξ, e] ∈ ker η, and because α 6= 0, then sin θ = 0. So ξ = e1 and
{e2, e3} is a ϕ-orthonormal basis and also an ϕ-basis for ker η. Then we have
[ξ, e] = α, [ξ, ϕe] = 0, [e, ϕe] = 0,
provided α 6= 0. If β = γ = δ, then this is a special case of (2.3).
(6) Suppose ξ is an arbitrary vector field and g is a specific case Lie algebra. So, there is a linear mapping like
l : g→ R such that
[x, y] = l(x)y − l(y)x, ∀x, y ∈ g.
Consider an arbitrary ϕ-basis like {ξ, e, ϕe}. Then we have:
[ξ, e] = l(x)e− l(e)ξ,
[ξ, ϕe] = l(ξ)ϕe − l(ϕe)ξ,
[e, ϕe] = l(e)ϕe− l(ϕe)e.
According to Lemma 2.4, because e, ϕe ∈ ker η, then [ξ, e], [ξ, ϕe] ∈ ker η, or l(e) = l(ϕe) = 0. So, Lie algebra is
completely represented by the real parameter α := l(ξ). α 6= 0 because g is non-unimodular. Then we have
[ξ, e] = αe, [ξ, ϕe] = αϕe, [e, ϕe] = 0,
where α 6= 0. If α = δ and β = γ, then this case is a special case of (2.3).
All the classifications we made are summarized as below:
Theorem 2.6. Suppose g is a three-dimensional non-unimodular Riemannian Lie algebra described by (2.1) with
respect to an appropriate orthonormal basis {e1, e2, e3}. Then at the isomorphism class, the following are the only
possible modes for the left-invariant almost contact metric structures {ϕ, ξ, η} where ξ ∈ ker η
(A) If α, β, γ and δ satisfy (2.1)
[ξ, e] = αe+ βϕe, [ξ, ϕe] = γe+ δϕe, [e, ϕe] = 0. (2.7)
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(B) If α, β, γ and δ satisfy (2.1) and (2.4),
[ξ, e] = Cϕe, [ξ, ϕe] = 0, [e, ϕe] = Aϕe+Bξ. (2.8)
Given that A 6= 0.
(C) If α 6= 0 = β = γ = δ
[ξ, e] = A¯2 + B¯2,
given that A¯2 + B¯2 6= 0.
According to case (A) in Theorem 2.6, we obtain following corollary.
Corollary 2.7. Every three-dimensional non-unimodular Riemannian Lie algebra adopts a left-invariant almost con-
tact metric structure of (ϕ, ξ, η, g) with condition ξ ∈ ker dη.
According to the classification of Theorem 2.6, we will get the following result:
Corollary 2.8. Suppose (ϕ, ξ, η, g) is a left-invariant almost contact metric structure on a three-dimensional non-
unimodular Lie algebra g described as (2.1) with an appropriate orthonormal basis {e1, e2, e3}. Then η is a contact
form if and only if (2.4) exists and if B 6= 0, then (ϕ, ξ, η, g) is isomorph with state (b) of the theorm.
3 Conclusion
Every three dimensional non-unimodular Riemannian Lie algebra adopts a left–invariant almost contact metric struc-
ture (ϕ, ξ, η, g) with the condition of ξ ∈ ker dη. Suppose (ϕ, ξ, η, g) is a left–invariant almost contact metric
structure on a three-dimensional non-unimodular Lie algebra g described as (2.1) with an appropriate orthonormal
basis {e1, e2, e3}. Then η is a contact form if and only if (2.4) exists and if B 6= 0 then (ϕ, ξ, η, g) is isomorph with
state (b) in the theorem.
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